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Essential elements of thermolytic reaction kinetics for distributions of polymers are
re®iewed. Bond scission, occurring randomly along a chain backbone or at the chain
end, is the major reaction process in polymer thermolysis. Underlying this bond scission
are free radical mechanisms, including initiation and termination, hydrogen abstraction,
and beta scission. Population-balance equations for the molecular-weight distributions
of macromolecules or their radicals describe the dynamics of the reactions. The go®ern-
ing integrodifferential equations for continuous distributions can be sol®ed by moment
methods, similarity techniques, other analytical procedures, or numerical methods. The
approach has been applied to analytical thermolysis and pyrolysis, polymer degradation
for stability characterization or plastics recycling, and coal thermolysis to produce fuels
and feedstocks. Experiments ha®e demonstrated the usefulness of the continuous distri-
bution kinetics approach for polymer thermolysis with additi®es, including hydrogen
donors, peroxides, and other polymers. Molecular-weight distributions and their mo-
ments can be measured by size exclusion chromatography. Experimental data can be
interpreted by e®aluating rate parameters, which may be composites of rate coefficients
for elementary steps in complex reaction mechanisms.

Introduction
Distribution kinetics describes chemical or physical pro-

cesses occurring in discrete or continuously distributed sys-
tems. Polydisperse systems are ubiquitous in chemical pro-
cessing of macromolecules, including polymer melts and solu-
tions, liquefied coal, and petroleum. Each macromolecule in
an homologous family comprises a discrete number of repeat

Ž .units, so the molecular-weight distribution MWD is in gen-
eral discrete. Macromolecules, however, typically contain very
many repeat units, so that the MW of each macromolecule is
much larger than the MW of a repeat unit. As the number of
repeat units becomes large, the population distribution be-
comes continuous. Continuous distribution functions are ap-
proximations that allow direct application of characterization
data and often lead to substantial simplification in mathemat-

Ž . Ž .ical analyses. DeDonder 1931 , Amundson 1980 , and Aris
Ž .and Gavalas 1966 were among the first to consider multi-

component systems as continuously distributed rather than as
Žsums of discrete components Dotson et al., 1996; Laurence

. Ž .et al., 1994 . Krambeck 1994 , in a general discussion of
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complex mixture kinetics and thermodynamics, pointed out
the similarity between the continuous and discrete ap-

Ž .proaches. More recently, McCoy and Madras 2001 showed
that the discrete and continuous approaches lead to equiva-
lent results for polymerization and depolymerization, and
further that the discrete approach can be considered a spe-
cial case of the continuous approach. Equilibrium thermody-
namics of continuously distributed systems, based on the fun-
damental concept of the distribution of molecular properties,
has advantages relative to a discrete approach for complex

Žsystems Gualtieri et al., 1982; Salacuse and Stell, 1982; Bri-
ano and Glandt, 1983; Ratzsch and Kehlen, 1983; Cotterman
et al., 1985; Evans et al., 1998; Choi and Bae, 1999; McCoy

.and Sterling, 2000 . The lumping approach to study chemical
reactions or phase separations in polydisperse systems di-
vides the homologous components into discrete collections of

Ž .pseudocomponents or lumps Astarita and Sandler, 1991 .
The continuous approach conceptually increases the number
of pseudocomponents, or decreases the size of the discretiza-
tion, to the limit where the sum of discrete components can
be replaced by integration over the distributed quantity. This
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facilitates the understanding of reactions occurring in poly-
Ždisperse mixtures, such as for polymers Gloor et al., 1994;

.Wang et al., 1995; Browarzik and Kehlen, 1997 or hydrocar-
Ž .bons Browarzik and Kehlen, 1994 . The appropriate choice

of distributed variable depends on the characteristics of the
system. Possible variables for distributions are MW, number

Ž .of repeat units chain length , degree of branching, degree of
cross-linking, extent of dehydrogenation, particle diameter,
and cell size.

Ž .For dynamic systems, population-balance equations PBEs
govern the temporal and spatial dependence of distributions.
PBEs describe, in addition to reaction kinetics, a variety of
particle processes, such as crystallization, comminution,
aerosol science, granulation, gas�liquid and liquid�liquid
contacting, bed fluidization, and microbial fermentation
ŽHulburt and Katz, 1964; Himmelblau and Bischoff, 1968;

.Ramkrishna, 1985, 2000 . The same PBE approach discussed
in this review has been recently applied to vapor nucleation

Ž . Žand droplet growth McCoy, 2000 , ultrasonication Madras
. Žand McCoy, 2001 , and chromatography Goto and McCoy,

.2000 .
In this article we review the essential elements of distribu-

tion kinetics, with particular emphasis on the use of continu-
ous distribution functions in understanding the mechanisms
of macromolecular thermal degradation. We begin by dis-
cussing the general reaction mechanisms of such processes
and how the reaction kernel and rate parameter dependence
on molecular size are based on molecular structure funda-
mentals for kinetic studies. Next, the formulation of PBEs
from the reaction mechanism is covered, followed by com-
mon assumptions applied to simplify the PBEs. Methods for
solving the system of PBEs are explained, with emphasis on
the moment technique. Finally, systems to which distribution
kinetics has been gainfully applied are discussed, as well as
possible areas for future efforts. The Appendix explains some
of the mathematical intricacies in detail.

General Macromolecular Reactions
Macromolecules can react by transformation, scission, or

Ž . Ž .addition. Chemical species are indicated as P x , Q x , and
Ž .R x , where x represents the continuous variable MW. The

Ž . Ž . Ž .MWDs of these species are p x,t , q x,t , and r x,t , respec-
Ž .tively, where at time t, p x,t dx is the molar concentration of

species P having MW in the range from x to xqdx. A dis-
tribution is a partial record of the mechanism and kinetics
that influenced its evolution, governed by a PBE.

Transformation reaction
Macromolecules can transform with little or no change in

MW, such as from a radical to a stable molecule, an alkane
to an alkene, or a transformation among isomers. The reac-
tion can be expressed as

k t r 6R x P x . 1Ž . Ž . Ž .

Ž .The rate coefficient is generally a function of MW, k x ,t r
and the species concentration rates are

� pr� tsk x r x ,t sy� rr� t . 2Ž . Ž . Ž .t r

Addition reaction
Two macromolecules can join by chain addition or cross-

linking to form a macromolecule whose mass is the sum for
the two joining molecules,

k a� � 6P x qQ xy x R x . 3Ž . Ž . Ž . Ž .

The reaction rates depend upon the concentration of each
reactant and are therefore second order,

�
� �� pr� tsyk x p x q x dx , 4Ž . Ž . Ž . Ž .Ha

0

�
� �� qr� tsyk x q x p x dx , 5Ž . Ž . Ž . Ž .Ha

0

and

x
� � � �� rr� ts k x p x q xy x dx . 6Ž . Ž . Ž . Ž .H a

0

The reacting species within the integral can have a range
specified by the integration limits. To understand the reac-

Ž .tion rate of P Eq. 4 , consider that a particular P of MW x,
Ž . � Ž �. �p x , may react with any Q, H q x dx , with rate coefficient0
Ž .k x . The reaction for addition of species of the same type isa

P x� qP xy x�
™P x . 7Ž . Ž . Ž . Ž .

The reaction for polymerization by monomer addition is

P xy x qQ x ™P x . 8Ž . Ž . Ž . Ž .s s

where x is the MW of the monomer.s

Scission reaction
A macromolecule can break into two smaller molecules in

a scission reaction,

k d� �6P x Q x qR x y x . 9Ž . Ž . Ž . Ž .

The reaction rates are

� pr� tsyk x p x ,t 10Ž . Ž . Ž .d

�
� � � �� qr� ts� rr� ts k x � x , x p x ,t dx , 11Ž . Ž . Ž . Ž .H d

x

where the stoichiometric coefficient or reaction kernel,
Ž �.� x, x , indicates the likelihood of obtaining a scission prod-

uct of MW x from a larger molecule x�. The scission of a
macromolecule into more than two smaller molecules can be
represented as a series of biomolecular scissions.
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General Reaction Mechanism
ŽThe reaction mechanism Rice and Herzfeld, 1939; Kossi-

.akoff and Rice, 1943; Flory, 1953 commonly used to describe
the growth andror degradation of macromolecules, comprises
three reversible elementary steps: initiation-termination of

Žradicals, propagation�depropagation addition�scission,
. Žgrowth�decay , and hydrogen abstraction Kodera and Mc-

.Coy, 1997 . Radical mechanisms are commonly employed for
qualitative and semiquantitative interpretations of experi-

Žmental observations Jellinek, 1955; Price and Smith, 1991;
.McCaffrey et al., 1996 , but quantitative interpretation re-

quires that mechanisms be reduced to mathematical equa-
tions. Distribution kinetics can be applied to a radical mecha-
nism through the convenient notation devised by Kodera and

Ž . Ž .McCoy 1997 . P x represents a macromolecule with MW x,
Ž . Ž .R � x represents a radical, and Q x represents an oligomer.s

Ž .In a scission reaction a molecule, say P x , may be the
molecule undergoing scission or it may be a product. The
Ž .P x molecule may occupy three different places in the reac-

tion, and the reaction-rate equation in general will have three
terms. When deriving the rate expressions, it is helpful to
rewrite the reaction equation for each of the possible roles.
The reaction rate coefficients, k , generally depend on MW,i
but can be assumed constant when the change in average MW
is not large.

Initiation and termination of radicals
The initiation of radicals, usually caused by addition of

heat, radiation, or chemical agent, occurs when a neutral
Ž .molecule is cleaved into two radicals Odian, 1991 . Two rad-

icals may combine to form one neutral molecule in a termi-
nation reaction, the reverse of the initiation reaction. The
reaction equation for initiation and termination of radicals is

k i � �� �R

RP x R x qR xy x . 12Ž . Ž . Ž . Ž .
k t

Termination also occurs by disproportionation when two rad-
icals form an intermediate complex and then separate as sta-

Ž .ble molecules Odian, 1991 . Disproportionation usually oc-
curs much less frequently than termination by combination
Ž .Odian, 1991 , and its representation by distribution kinetics
is straightforward.

Re©ersible addition and scission
The two molecules joining in an addition process may have

the same MW, one may be an oligomer, or they may be of
different MWs but neither an oligomer. As scission, or re-
verse addition events, the three different reactions are called
midpoint, chain-end, and random, respectively. Midpoint
scission is dominant in certain mechanical degradation pro-

Ž .cesses Price and Smith, 1991; McCoy and Madras, 1997 ,
chain-end scission occurs in depolymerization processes
Ž .Madras et al., 1995 , and random scission is characteristic of

Žoxidative and thermal degradation reactions Jellinek, 1955;
.Madras and McCoy, 1997 .

Re©ersible random chain scission
Random scission involves splitting a macromolecule of MW

x into two smaller macromolecules,

k d � �R

RP x P xy x qP x . 13Ž . Ž . Ž . Ž .
k a

The reaction-rate expression is

�
� � �� pr� ts2k p x � x , x dx yk p xŽ . Ž . Ž .Hd d

x

� x
� � � � �y2k p x p x dx qk p x p xy x dx . 14Ž . Ž . Ž . Ž . Ž .H Ha a

0 0

ŽThe terms account for obtaining an x by scission the x could
.be either product of the scission , losing an x by scission,

Žlosing an x by addition the x could be either reactant in the
.addition , and obtaining an x by addition, respectively. The

reaction-rate coefficient is not a function of MW for addition
or for random scission over a small conversion range. The
stoichiometric kernel for a random scission reaction is based
on the equal probability of scission at each bond.

Re©ersible chain-end scission
Chain-end scission involves the loss or removal of one

oligomer from the end of the macromolecular chain.
Monomer can evolve from a chain-end radical through �-
scission, but for larger oligomer evolution to occur, in-
tramolecular hydrogen abstraction by the end radical must
precede the �-scission. Intramolecular hydrogen abstraction
Ž .or backbiting processes typically occur near the sixth carbon

Ž .from the chain end Odian, 1991 , suggesting an upper size
limit for oligomers derived from chain-end scission. The re-
versible reaction equation is

k d R

RP x P xy x qQ x . 15Ž . Ž . Ž . Ž .s s
k a

When chain-end scission yields multiple specific products,
Ž .Q x , each must be accounted for independently. The rates

expressions for each specific product are

�
� � �� pr� tsk p x � x , x dx yk p xŽ . Ž . Ž .Hd s d

x

� x
� � � �yk p x q x dx qk p x q x dx , 16aŽ . Ž . Ž . Ž . Ž .H Ha a s

0 0

and

� �
� � � � �� qr� tsk p x � x , x dx yk q x p x dx .Ž . Ž . Ž . Ž .H Hd s a s

0 0

16bŽ .

The stoichiometric kernel for chain-end scission is a Dirac
Ž �. Ž � .distribution, � x , x s � x y x , because the reactions s

yields a specific product species whose MW is x .s
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Hydrogen abstraction
Ž .Hydrogen abstraction chain transfer occurs when a radi-

cal takes a hydrogen atom away from a neutral molecule or
another section of its own molecule, becoming neutral itself,
and changing the unpaired electron to another location. The
radical is moved, typically, to a more stable location, but no
significant change in MW occurs. Intramolecular hydrogen

Ž .abstraction backbiting usually converts a chain-end radical
to one where the unpaired electron is only a few carbon atoms
away from the end. Backbiting reactions typically lead to iso-

Ž .merization Odian, 1991 or chain-end scission to produce
oligomer. Chain-end radicals are more likely than internal
radicals to participate in hydrogen abstraction, because they

Ž .are the least stable and most reactive Solomons, 1986 .
The reaction path for intermolecular hydrogen abstraction

involves an intermediate macromolecular complex,

R� x qP x�
™I � xq x�

™P x qR� x� . 17Ž . Ž . Ž . Ž . Ž . Ž .
� Ž .Because the intermediate is short-lived, effectively R x is

Ž . Ž �. � Ž �.converted to P x and P x is converted to R x ; thus the
reaction equation can be written as

R� x |P x , 18Ž . Ž . Ž .

Žand the reaction rate is pseudo first-order Kodera and Mc-
.Coy, 1997 . The MW of the hydrogen atom is considered neg-

ligible relative to the MW of the macromolecule. Intermolec-
ular hydrogen abstraction can lead to �-scission of the radi-

Ž .cals Solomons, 1986 . An example reaction equation for an
alkane radical undergoing �-scission to form an alkene and a

Ž .smaller alkane radical is Kodera and McCoy, 1997

� �R CH CH y CH CH R ™R CH CH s CHŽ . Ž .Ž . Ž .Ž . Ž . Ž .2 2 2 2 2

��qR CH . 19Ž .Ž .2

Simplified Reaction Mechanism
Long-chain approximation

The creation of two radicals in an initiation reaction has a
Ž .large activation energy 80�90 kcalrmol; Song et al., 1994 .

The initiation rate is thus small relative to the propagation
Ž . Ž .polymerization or depropagation degradation rates
Ž .Kodera and McCoy, 1997 , which will be large because radi-
cals are highly reactive. The termination reaction rate is also
small due to the low concentration of radicals. Initiation and
termination reaction rates are thus negligible and can be ig-

Ž .nored for large molecules Gavalas, 1966 that undergo many
Ž .propagation events Dotson et al., 1996; Odian, 1991 . By

omitting initiation and termination rates, the long-chain ap-
Ž .proximation LCA simplifies reaction kinetics analysis.
Ž .Nigam et al. 1994 developed an approximate linear rate law

to depict the Rice-Herzfeld mechanism when the propaga-
tion rate does not strongly dominate the initiation and termi-
nation rates, and discussed some conditions under which this
alternate approach might be necessary.

Quasi-steady-state approximation
The concentration of radicals in the macromolecular sys-

Žtem is very small, and the rate of initiation formation of rad-

. Žicals is approximately equal to the rate of termination loss
.of radicals , so the rate of change in radical concentration is
Ž .very small Odian, 1991 . Mathematically, � rr� t�� pr� t, and

therefore the radical concentration rate of change can be ig-
Žnored for most analyses Dotson et al., 1996; Kodera and Mc-

. Ž .Coy, 1997 . If such a quasi-steady-state approximation QSSA
is inadequate, the governing nonlinear differential equations
must be solved. This may be necessary when gel effects oc-
cur, in which case the stiff nonlinear equations can be solved

Ž .numerically Venkateshwaran and Kumar, 1992 .

Simplified mechanism
Applying LCA and QSSA to the reaction mechanism is

reasonable for most thermolytic polymer reactions, and yields
Ža considerable simplification in the kinetics analysis Kodera

.and McCoy, 1997 . The LCA allows the initiation�termina-
tion reaction to be omitted from the analysis of macromolec-
ular growth andror decay. The QSSA allows the remaining
reaction equations to be reduced to the reversible scission

Ž .reactions, Eq. 13 or 15 Kodera and McCoy, 1997 . Although
LCA and QSSA are widely applied, special conditions relat-
ing rate coefficients and their activation energies, tempera-
ture, and degree of gellation or polymerization should be
carefully considered.

Reaction-rate coefficients
Although rate coefficients in general are functions of the

MW of the reactants, over a useful range, they are relatively
Ž .unvarying with respect to MW Kodera and McCoy, 1997 .

For polymerization, molecules are equally likely to partici-
pate in the free radical mechanism, and rate coefficients are

Žusually assumed independent of MW equal reactivity princi-
. Ž .ple Dotson et al., 1996 . The chain-end scission rate coeffi-

cient is also not a function of MW, but rather a function of
the number of chain ends per molecule.

The random scission rate coefficient is expected to in-
crease with the number of bonds that can be broken. If the

Žaverage MW does not vary greatly such as small conversion
.or short reaction times , the random scission rate coefficient

Ž .k can be assumed constant. For large conversion it mustd
Žbe represented as a function of MW Kodera and McCoy,

.1997; Madras et al., 1997a . Even if the reactant is initially
monodisperse, random scission yields polydisperse reaction

Ž .products and k will depend on MW Madras et al., 1997a .d
Ž . � ŽNumerous studies have assumed k x s� x McCoy andd �

.Wang, 1994 , for example, �s0 was used for reversible
Ž .oligomerization McCoy, 1993 , �s1 for oxidative degrada-

Ž .tion of polystyrene Madras and McCoy, 1997 and coal ther-
Ž .molysis Wang et al., 1993 , and �s2 for chemical cracking

Ž .Aris and Gavalas, 1966 . To avoid the accumulation of an
infinite number of zero-mass products, McCoy and Wang
Ž . Ž . Ž .�1994 proposed k x s � xy x , where the smallestd � 0
product of random scission has MW x . A polynomial form0
expressing the random scission rate coefficient as a function

Ž . m jof MW, k x sÝ k x , was suggested by Madras et al.d js0 j
Ž . Ž .1997a , who used a second-order polynominal ms2 to
represent the thermal degradation of polysytyrene. As dis-
cussed below, taking k proportional to x � permits similard
solutions that in some cases are exact solutions to the PBEs.
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However, chemical mechanistic fundamentals, rather than
mathematical convenience, should be used to guide rate-
coefficient expression form.

Population-Balance Equation Solutions
The dynamic behavior of distributions is governed by inte-

grodifferential PBEs, which are solved by moment tech-
niques, Laplace transformation, method of characteristics,
similarity methods, or numerical techniques. Simulation tech-
niques, such as Monte Carlo or molecular dynamics, may
prove valuable for multivariate distribution reactions
Ž .Ramkrishna, 1985 .

Moment approach
The moments of MWDs, defined as

�
Žn. np t s p x ,t x dx , 20Ž . Ž . Ž .H

0

Ž .give specific physical information Kodera and McCoy, 1997 .
Ž . Ž .The zeroth moment ns0 and the first moment ns1 are

Ž .the molar concentration molesrvolume and the mass con-
Ž .centration massrvolume , respectively. The number-average

Ž avg Ž1. Ž0..MW is the normalized first moment M s p s p rp ,n
and the weight-average MW is the ratio of the second to first

Ž Ž2. Ž1..moments M s p rp . The polydispersity is the ratio ofw
Žweight-average to number-average MWs Ds M rM sw n

Ž2. Ž0. w Ž1.x2.p p r p . The variance of the MW distribution is the
Ž var Ž2. Ž0. w avg x2.second central moment p s p rp y p . The first

Ž Ž0. avg var .three moments p , p , p describe shape characteris-
tics of the distribution and can be used to construct the dis-

Žtribution in gamma distribution form, for example Cotter-
.man et al., 1985; Wang et al., 1994a . Several common distri-

butions, such as the Gaussian, Poisson, Dirac delta, and ex-
Ž .ponential or most probable distributions, are special cases

Ž .of the gamma distribution Abramowitz and Stegun, 1968 ,
which is the first term in a generalized Fourier expansion in

Ž .Laguerre polynomials Hulburt and Katz, 1964 . Perturba-
tions to the Gaussian distribution are commonly represented

Žby an expansion in Hermite polynomials Hulburt and Katz,
.1964 . If the first three moments do not give satisfactory rep-

resentation of experimental observations, higher-order terms
in the expansion can be related to higher-order moments of
the distribution to improve the fit. The third moment is a

Ž .measure of skewness asymmetry , so that a symmetrical peak
centered at the origin has pŽ3.s0. The fourth moment is a

Ž . Ž .measure of kurtosis peakedness Croxton, 1953 . Usually
only the zeroth moment is required to determine a rate coef-

Ž .ficient from experimental data McCoy and Madras, 1998 .
Ž .The moment definition Eq. 20 can be applied to the re-

Ž .versible addition reaction rate equation Eq. 14 term-by-
Ž �term. The stoichometric kernel for random scission is � x ,

. � Ž .x s1rx Aris and Gavalas, 1966 . If the reaction-rate coeffi-
cients are constant, the moment-rate equations form a closed
set. If the reaction-rate coefficients are functions of MW, a

Ž .closure problem may arise McCoy and Madras, 1998 , and
an approximation may be needed to close the system of equa-
tions. The moment expression for reversible random addition
with constant rate coefficients becomes

Žn. w x Žn. Žn. Ž0.dp rdtsy ny1 r nq1 k p y2k p pŽ . Ž . d a

nn Žny j. Ž j.qk Ý p p . 21Ž .Ž .a js0 j

Experimental data, for example gel permeation chro-
matograms, are analyzed to provide the moments of the mass
or molar distribution function. The distribution is then repre-
sented in terms of its moments. The molar gamma distribu-

Ž .tion is Wang et al., 1995

Ž0. 	y1p x s p r� 
 	 y exp y y , 22Ž . Ž . Ž . Ž .

Ž .where ys xy x r� , x represents the minimum size of ao o
Ž . Ž0.molecule with p x s0 for yF0, and p is the total molar

Ž .concentration. The time dependence of p x is expressed
Ž0.Ž . Ž . Ž .through p t , 	 t , and � t . The weight-fraction gamma

Ž . Ž .distribution function is p x s xp x . The average positionw
avg Žx , and peak width, � , are Abramowitz and Stegun, 1968;

.Wang et al., 1995

xavgs x q	�s pavgs pŽ1.rpŽ0. 23Ž .o

and

22 2 var Ž2. Ž0. avg� s	� s p s p rp y p . 24Ž . Ž .

Ž .The position of the peak maximum, x , is Wang et al., 1995p

x s x q 	y1 � . 25Ž . Ž .p o

ŽThe gamma distribution becomes the exponential most
.probable distribution when 	s1 and x s0, or the Poissono

Ždistribution when �s1 and x s0 McCoy and Madras,o
.1997 .

Similarity solutions
Ž .Similarity self-similar, scaling, or self-preserving solutions

to PBEs combine the variables x and t into a single algebraic
expression and thus allow data to be represented concisely
Ž . Ž .Ramkrishna, 1985 . Ramkrishna 2000 emphasizes similar-
ity solutions to invert PBEs to find fundamental rate coeffi-

Ž .cients. McCoy and Madras 1998 discussed conditions under
which such solutions exist. Many of the analytical solutions
found for scission processes are similarity solutions, but are
valid only for long times, specialized distributions, or specific
forms of the reaction kernel. These solutions, generalized for
scission by a rate coefficient dependent upon MW through a

Ž . �power law relation, k x sk x , combine MW and time to-d �

Ž . � Ž . Žgether in a similarity group, u x,t s x r� t Ziff, 1991;
.Madras and McCoy, 1998b . A study of random scission

Ž .showed the evolution of the polydispersity DsM rM to aw n
Ž .value of two at long times Yoon, 1996 , which represents an

Žexponential distribution similarity solution Madras and Mc-
.Coy, 1998b .

Realistic reversible systems must evolve through time to a
steady-state or equilibrium condition, but irreversible dy-
namic systems continue until reactant is depleted. McCoy and

Ž .Madras 1998 presented a general approach to finding simi-
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Table 1. Similarity Solutions in Poisson Distribution Form

Ž .� 	 � t

Ž .Random scission only �0 1 � r 1q� k t0 0 d
Random addition only �0 1 � qk t0 a

1r2Ž . Ž .Reversible random scission and addition 1 1 � 
 y1r 
 q1

Source: McCoy and Madras, 1998.
wŽ 1r2 . Ž 1r2 .x Ž 1r2 . Ž1.Here 
 s � q � r � y � y1qexp 2� k t , with �s k p rk0 0 d a 0 d

larity solutions for irreversible scission, irreversible addition,
and reversible scission-addition, using the power-law rate-
coefficient relation for scission, and the preceding similarity

Ž . Ž .group u x,t . They showed how the solutions with 	 t evolve
from a general initial condition to the similarity solutions
where 	 is constant and � depends on time. McCoy and

Ž .Madras 1998 compiled the known similarity solutions, all of
which have the Poisson distribution form,

Ž1. 2r� 	y1 yup x ,t s p �r� 
 	y1q 2r� u e , 26Ž . Ž . Ž .Ž .

for which some representative results are displayed in Table
1. The solutions in Table 1 have the expected value of the
polydispersity, Ds2, whereas moment solutions for scission

Žwith �s0 yield the unrealistic value, Ds6 McCoy and
.Madras, 1998 . They showed that when �s1, the self-similar

solution satisfies all the moments of the PBE. But when ��1,
the similarity solution satisfies only the first three moments,
and therefore is not an exact solution to the PBE. Although
the self-similar solutions simplify the analysis of experimental
data, more general solutions are needed to examine the range
of possible dynamic behavior.

Other solution techniques
The moment method together with a Laguerre expansion

is a special case of the general method of weighted residuals
Ž .MWR , which involves expanding an unknown distribution
in terms of trial functions that are substituted into governing

Ž .PBE to obtain the residual functions Ramkrishna, 1971 . The
residual functions are orthogonalized by weighting functions
such that the accumulation of residuals is nearly zero over
the interval of the independent variable. If Laguerre polyno-
mials are trial functions, and x n are weighting functions, the

result for minimizing the residual functions is the moment
Ž .Ramkrishna, 1971, Tobito and Ito, 1992 .

The integrodifferential-rate equation can be discretized
Ž .McCoy and Madras, 2001 , leading to a discontinuous or
pseudocomponent description. Numerical methods have
proven valuable in many continuous and discrete distribution

Žkinetics studies Gloor et al., 1994; Browarzik, 1997; Ng, 1995;
.Nicmanis and Hounslow, 1998 .

The rate equation may be solved by a power series repre-
Ž .sentation of the solution Kehlen et al., 1988 . An algorithm

is established whereby the number of terms in the assumed
solution form is increased until desired accuracy is attained.
If the number of terms is large, the mathematical complexi-

Žties may be similar to the discrete approach Kehlen et al.,
.1988 . The power-series solution suffers from the need to

truncate the series to obtain an analytic result, although in a
first-order degradation study a convergent solution was re-

Ž .ported Kehlen et al., 1988 .
An alternative to distribution kinetics methods is the use

Ž .of reaction families or groups Woo and Broadbelt, 1998 . In
Ž .computer simulations of pyrolysis of a poly 	-methylstyrene

Ž .PAMS and polystyrene mixture, several hundred model
components were considered to undergo several thousand re-

Žactions. Activation energies for the groups polymers and their
.radicals were estimated by linear free-energy relationships,

which represent values of the activation energy in terms of
reactivity indices, such as the heats of reaction. Various other

Ž .reasonable assumptions Woo and Broadbelt, 1998 are made
to implement the method. A critical comparison of this
method and its results with the distribution kinetics approach
has not yet appeared.

Comparison of discrete to continuous kinetics
Macromolecular reactions can be described by a discrete

Ž .or by a continuous approach McCoy and Madras, 2001 , so
that a mass balance provides either a difference-differential
or an integrodifferential equation, respectively. The continu-
ous kinetics result will be identical to the discrete result for a
system with many similar components, except for small aver-

Žage MW or degree of polymerization McCoy and Madras,
. Ž .2001 . The continuous integrodifferential equation replaces

Table 2. Comparison of Discrete and Continuous Representation for Reaction Equations and Kinetic Expressions

Reaction Discrete Continuous
Ž . Ž .Transformation P ™Q P x ™Q xJ j

Ž .Gainsylosssk p Gainsylosssk p xt f j t f
� �Ž . Ž . Ž .Addition reactant P qP ™P P x q P x ™P xq xj i jq i

�
� �� Ž . Ž .Losssy2k p Ý p Losssy2k p x p x dxHa j is1 i a

0
� �Ž . Ž . Ž .Addition product P q P ™P P x qP xy x ™P xi jy i j

x
� � �iy1 Ž . Ž .Gainsk Ý p p Gainsk p x p xy x dxHa js1 j jy i a

0
� �Ž . Ž . Ž .Random scission reactant P ™P qP P x ™P x qP xy xj jy i i
Ž .Losssyk p Losssyk p xd j d

� �Ž . Ž . Ž .Random scission product P ™P qP P x ™P x qP x y xi j iy j
�

� � �� Ž . Ž .Gainsk Ý p � Gainsk p x � x, x dxHd is1 i ji d
x

Ž .Note: Rate terms refer to the gain or loss of P or P x . Here we assume rate coefficients are independent of MW. Corresponding terms for chain-endj
addition and scission are obtained by appropriately replacing polymer molecules with monomer or oligomer.
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the discrete equation in the same way the Riemann integral
replaces a summation. Table 2 shows the comparable expres-
sions for the discrete and continuous approaches. The con-
tinuous approach is favored in most cases because integrals
are simpler to manipulate than summations, and because mo-

Ž .ment solutions can be easily obtained see the Appendix .
Ž . Ž .Laurence et al. 1994 and Dotson et al. 1996 focused on

the discrete approach. Analytical comparisons of the continu-
ous kinetics to the discrete results were made for polymeriza-

Ž .tion Krambeck, 1994; Kodera and McCoy, 1997 , for chain-
Ž .end scission Madras et al., 1996a , and for reversible chain

Ž .polymerization McCoy and Madras, 2001 .
The discrete description of a multicomponent system can

be considered a special case of the continuous description.
The distribution function represents a sum of terms, one for
each discrete component, proportional to a Dirac delta distri-

Ž .bution Astarita and Ocone, 1988 . The continuous and dis-
crete representations are therefore related by simple mathe-

Ž .matical expressions McCoy and Goto, 1994 . If the continu-
Ž .ous concentration distribution is p x,t , then the total

Ž . Ž0.Ž .lumped concentration, p t , is the integral over the entire
range of x:

�
Ž0.p t s p x ,t dx. 27Ž . Ž . Ž .H

0

The continuous representation reduces to the discrete repre-
sentation if

p x ,t sÝ pŽ0. t � xy x , 28Ž . Ž . Ž . Ž .i i

where the x are the discontinuous values of x. Once thei
continuous case is solved, the discrete case solution is found
by applying the preceding relation. The total concentration is
then the sum over all the discrete species in the mixture,

pŽ0. t sÝ pŽ0. t . 29Ž . Ž . Ž .i

Attention has been directed to the question of how lump-
ing yields overall nth-order kinetics for various continuous-

Ž .mixture reactions Ho and Aris, 1987; Ho, 1991 . McCoy
Ž .2001 has shown that realistic chain scission and recombina-
tion reactions that occur in temperature-programmed pyroly-
sis of polymers lead to rate expressions for moments that can
be represented as reactions of order ns1r2, 1, or 2. Zero-
and first-moment equations have a solution that is identical
to an empirical kinetics expression that represents isothermal

Ž . Ž .thermogravimetric analysis TGA data McCoy, 2001 . Such
thermogravimetric analysis of homologous molecules is well-
suited for the distribution kinetics treatment, and may have
advantages over the usual approach, assuming parallel reac-
tions with distributed activation energies. Both isothermal and
constant heating rate TGA data have structural details and

Ž .shape properties Burnham, 2000; Burnham and Braun, 1999
that constitute a useful test of kinetics models.

Applications
Chemical reactors

Distribution kinetics can describe reactions in chemical re-
Ž .actors through mass or mol balances:

w x w x w xNet accumulation s Net flow in q Net generation . 30Ž .

Ž .For irreversible scission in a reaction medium with p x,r,t
Žthe differential form of the mass balance is McCoy and

.Wang, 1994

�
� � � �� pr� tq© ��ps2 k x p t ,r , x � x , x dxŽ . Ž . Ž .H

x

yk x p t ,r , x , 31Ž . Ž . Ž .

where © is the hydrodynamic velocity and r is the spatial
coordinate.

The steady plug-flow reactor equation is obtained when the
steady-state condition, � pr� ts0, and the inlet condition
Ž . Ž . Ž . Žboundary condition , p x, zs0 s p x , are applied Mc-o

.Coy and Wang, 1994 . A steady plug-flow reactor was used to
Ž .study thermolysis of poly styrene-allyl alcohol copolymer

Ž . ŽWang et al., 1995; Madras et al., 1995 , poly methyl
. Ž . Žmethacrylate Madras et al., 1996a , and poly 	-methyl

. Ž .styrene Madras et al., 1996b . A differential packed-bed re-
actor equation, a special case of the plug-flow reactor equa-

Žtion, was applied to coal liquefaction and thermolysis Wang
.et al., 1993; Wang et al., 1994a .

ŽThe batch-reactor equation, with the initial condition, p t
. Ž .s0, x s p x , comes from the mass balance, Eq. 30, witho

Ž .no flow McCoy and Wang, 1994 . A well-mixed batch reac-
Žtor was used for thermal degradation of polystyrene Madras

et al., 1997a,b; Madras and McCoy, 1998a; Sterling et al.,
. Ž .2001b and polystyrene mixtures with poly 	-methyl styrene

Ž . Ž .PAMS Madras and McCoy, 1999 . A well-mixed reactor,
with removal of volatiles, was used for polyethylene pyrolysis
Ž .Sezgi et al., 1998; McCaffrey et al., 1996 . Peroxide-en-
hanced thermal degradation of batch solutions of polystyrene
Ž .Madras and McCoy, 1997; Kim and McCoy, 2000 , PAMS
Ž . Ž .Sterling et al., 2001a , and polymethylmethacrylate PMMA
Ž .Madras and Karmore, 2001 has also been studied. The
batch-reactor equation is equivalent to the steady plug-flow
reactor equation when time t is replaced with residence time

Ž .� McCoy and Madras, 1997 . The continuous-flow stirred-
Ž .tank reactor CSTR equation for distribution kinetics devel-

ops from the well-mixed batch reactor equation by adding
Ž .inlet and outlet flow terms McCoy and Wang, 1994 .

Irre©ersible reactions
Experiments for irreversible thermal degradation of
Ž . Ž . Ž .poly styrene-allyl alcohol PSA , poly methyl methacrylate

Ž . Ž . Ž .PMMA , and poly 	-methyl styrene PAMS in solution
provided reaction-rate parameters and activation energies
Ž .Wang et al., 1995; Madras et al., 1996a,b . The degradation
reactions were conducted in a tube reactor at various tem-

Ž .peratures and residence times or flow rates . The reaction
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Figure 1. Evolution of chain-end product in thermal
degradation of PAMS at different tempera-

( )tures Madras et al., 1996a .
The number of moles of end product is normalized by the
number of moles of polymer.

rates were first order in polymer concentration. Small resi-
dence times were studied so the reaction-rate coefficients
were independent of MW. Short reaction times also exclude
reverse reactions and provide a linear relation between the

Ž .residence time and the zeroth moment molar concentration
of chain-end product formed. Chain-end scission products
accumulate in a Dirac delta distribution. The normalized
zeroth moment of each specific product in the reactor efflu-
ent was plotted vs. residence time to give the reaction-rate
coefficient for the generation of the specific product as the
plot slope, as shown in Figure 1. PMMA and PAMS showed
chain-end degradation only, and the random degradation-rate
coefficient for PSA was obtained as a fitted parameter in a
gamma distribution. Broadening of the reactant MWD to-
ward lower MWs is evidence of random degradation, and the
temporal change of the reactant MWD gives the random
degradation kinetic parameters. Arrhenius plots yielded the
activation energy for each reaction. The activation energies
observed for thermolysis in solution indicate that scission is

Ž .the rate-limiting step Madras et al., 1996a .
Ž .Madras et al. 1995 studied the thermal degradation of

ŽPSA in solution in the presence of a hydrogen donor tetra-
.lin in a tubular reactor. Through a distribution kinetics anal-

ysis, the hydrogen-donor enhancement of degradation rate
was observed to be first order at low concentration but zero
order at high concentration, and therefore was modeled in
the Langmuir form,

ksk Cr 1qKC . 32Ž .Ž .t t t

Here, C is the tetralin concentration, and K and k aret t
model parameters. Depending on the particular polymer,

Figure 2. Polystyrene random degradation of strong
(links at four different temperatures Madras et

)al., 1997b .
Moles of polymer are normalized by initial moles of poly-
mer.

adding hydrogen donors may increase, decrease, or have no
effect on degradation rate. For example, the addition of 6-hy-
droxy tetralin retarded the polystyrene random degradation

Ž .rate in a mineral oil solution Madras and McCoy, 1998a .
Distribution kinetics of the radical mechanism for chain scis-
sion can explain the different observed effects through rela-

Žtive rates of hydrogen abstraction steps Madras and McCoy,
.1998a .

Ž . Ž .Madras et al. 1997b and Sterling et al. 2001b investi-
gated polystyrene degradation in solution in a batch reactor.

Ž .Karmore and Madras 2000 extended the investigation to su-
percritical fluid solutions. Polystyrene degrades by random
and, to a lesser degree, chain-end scission. The reaction-rate
coefficient and activation energy for polystyrene chain-end
scission were determined in the same manner as PMMA and
PAMS degradation. The analysis of random polystyrene
degradation is complicated by the existence of weak links in
the polymer backbone that arise during manufacture. The
weak links are responsible for the observed initial rapid ran-
dom scission. The random reaction-rate coefficients for
weak-link and strong-link scission are found as the seg-
mented slopes of the logarithm of molar conversion plotted

Ž .vs. time, as shown in Figure 2. Sterling et al. 2001b com-
bined the mechanisms for chain-end and random degrada-
tion into a single model that reduced to the individual mech-
anisms in limiting situations. They found the zeroth and first
polymer molar moments to have trigonometric temporal be-
havior for the combined model, put physical constraints lim-
ited the cyclic solution to the early, monotonic portion of the
curves. In general, random scission yields MWD moments
that display exponential time behavior, but chain-end scission

Žyields MWD moments that vary linearly with time McCoy
.and Madras, 1997 .

The effect of MW on the reaction rate coefficient for
polystyrene thermolysis in solution was investigated with a

Ž .batch reactor Madras et al., 1997a . Due to the rapid weak-
link degradation of monodisperse feed, the strong-link degra-
dation initial condition was polydisperse. The random
strong-link degradation coefficient was modeled as a polyno-
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Ž . jmial function of MW, k x sÝ k x , and the moment ex-j j
pression of the reactor equation for any moment included
terms of higher-order moments. Truncation after the fourth

Ž .moment in a second-order polynomial expression for k x
provided satisfactory results. The theoretical expressions for
the normalized zeroth and second moments were fitted to
experimental-rate data to determine the polynomial coeffi-

Ž .cients Madras et al., 1997a .
The thermal degradation behavior of polyethylene in batch

Žsolution occurs by a random scission mechanism Guy and
. Ž .Fixari, 1999; Kumar et al., 2001 . Guy and Fixari 1999 stud-

ied HDPE degradation in phenyl ether solution at moderate
Ž .pressures, while Kumar et al. 2001 studied LDPE degrada-

tion in liquid paraffin at atmospheric pressure. Both continu-
ous models considered that the degradation rate increases
linearly with molecular size and ignored branching effects,
which were judged to have small effect. The hydrogen donor
solvent tetralin was found to diminish the degradation rate of

Ž .polyethylene in solution Guy and Fixari, 1999 .
Ž . Ž .Madras and McCoy 1997 and Kim and McCoy 2000

studied the oxidative degradation of polystyrene in solution
in a batch reactor when peroxide was added. Distribution ki-
netics analysis revealed the polystyrene random degradation
rate to be first order in both polystyrene concentration and
di-t-butyl peroxide concentration, or second order overall.
The reaction-rate coefficient was modeled as a linear func-
tion of polystyrene MW. The reaction occurred quickly, and
no chain-end products were observed. A similarity solution
provided satisfactory interpretation of experimental data.
Rate coefficients for peroxide decomposition, hydrogen ab-
straction by peroxide radicals, hydrogen transfer, and ran-
dom scission were estimated from experimental data. The
proposed mechanism explains the time dependence of the re-

Ž .action. Madras and Karmore 2001 found the oxidative
degradation behavior of PMMA could be represented with
the same model as for polystyrene.

Ž .Sterling et al. 2001a studied the peroxide-enhanced ther-
mal degradation of PAMS in batch solution. A complex dis-
tribution kinetics model, which followed the temporal popu-
lations of polymer and radical species, was necessary to suc-
cessfully represent the experimental data. Because the model
involved coupled nonlinear differential equations for the
species moments, an analytical solution was not possible and
numerical methods were utilized. Under the influence of the
free radical initiator, PAMS degraded by both random and
chain-end processes, in contrast to the purely chain-end
mechanism observed with heat alone. These results, along
with those for polystyrene discussed earlier, show that the
initiator increases the randomness of the degradation, while
the backbone disubstitution favors the end process. These ef-
fects can be explained in terms of radical stability, which is

Ž .dictated by molecular structure. Sterling et al. 2001a found
their model to be less successful under very aggressive degra-
dation conditions, and suggested the deficiency may be due
to increased radical populations leading to failure of the
steady-state hypothesis for radical populations.

Dextran degradation by acid hydrolysis, ultrasound, and
Ž .enzyme attack was studied by Browarzik and Koch 1996 and

Ž .Browarzik 1997 with a reaction kernel that included fitting
parameters. The form of the distribution was assumed to re-
main consistent throughout the reactions. Numerical meth-

ods gave values of the fitting parameters, providing good
agreement between the model and the experimental data. The
parameter values indicate that dextran molecules degrade
preferentially near the ends, and that smaller molecules de-

Žgrade faster than large ones Browarzik, 1997; Browarzik and
.Koch, 1996 .

Ultrasonic degradation of polymers is an example of
Ž .mechanochemistry Nguyen et al., 1997 , which has attracted

attention as a means of initiating and moderating chemical
reactions. As in simple elongational shear fields, macro-
molecules subjected to ultrasound tend to undergo midpoint
rather than chain scission. Distribution kinetics can explain
the evolution of polydispersity and average MW observed in

Ž .experiments Madras et al., 2000 . Ultrasound waves passing
through a liquid cause cavitation bubbles to form and col-
lapse, inducing severe shearing and high temperatures. A de-
tailed mathematical description of how the shear field causes
midpoint scission to produce macromolecular free radicals
remains to be developed. Such a theory should explain the
observed effects of polymer concentration, development of a
bimodal MWD, and the lower limit of final average MW that

Ž .depends on ultrasound intensity Madras and McCoy, 2001 .
The quantitative effects of temperature, solvent, dissolved
gases, and radical scavengers also present research projects
for the near future.

Re©ersible reactions
The distribution kinetics of reversible reactions shows that

the observed first-order rate coefficients comprise algebraic
Žgroups of primary reaction-rate coefficients Gloor et al.,

.1994; Kodera and McCoy, 1997 . A reversible free radical re-
action mechanism is

k a� �� �R

RP x qR x y x R x 33Ž . Ž . Ž . Ž .
k d

and

k h �R

RP x R x , 34Ž . Ž . Ž .
k H

where the long-chain approximation excludes the initiation
and termination steps. The moment operation is applied to
the reaction rate expressions, and the quasi-stationary-state
approximation provides the relation between the radical and

Ž . Žpolymer zeroth moments molar concentration Kodera and
.McCoy, 1997

r Ž0.s k rk pŽ0. . 35Ž .Ž .h H

Integrating the zeroth-moment polymer expression with the
Ž0.Ž . Ž0.Ž . Žinitial condition, p ts0, x s p x , gives Kodera ando

.McCoy, 1997

Ž0. k t k t Ž0.p t s e r e y1 k rk q1rp . 36Ž . Ž . Ž .a d

where ksk k rk . In the long-time limit, the equilibriumd h H
Ž .relation is Kodera and McCoy, 1997

pŽ0. t™� s pŽ0.sk rk . 37Ž . Ž .� d a
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The ratio of the reaction-rate coefficients for a reversible ad-
ditionrscission reaction is found experimentally as the long-
time limit of the molar concentration. The reaction-rate coef-
ficients are written in Arrhenius form

k sk eyEarRT 38aŽ .a ao

and

k sk eyEdrRT , 38bŽ .d do

Ž .in terms of the energies of activation for addition E anda
Ž .scission E . A result related to the van’t Hoff equation,d

pŽ0.sK ey� HrRT , 39Ž .� o

is obtained when K sk rk and � HsE yE is the heato do ao d a
Ž .of reaction Kodera and McCoy, 1997 . The total free energy

of the system is the sum of the MW moments when the molar
Ž . Ž .free energy of the molecules, � x Cotterman et al., 1985 ,

Ž .is expressed as a polynomial Kodera and McCoy, 1997 ,

�
G t s p x ,t � x dx. 40Ž . Ž . Ž . Ž .H

0

Ž Žn. .The free energy is minimized at equilibrium dp rdt™0
Ž .Kodera and McCoy, 1997 .

Ž .Sezgi et al. 1998 investigated the characteristics of
polyethylene thermal degradation, or pyrolysis, in an open
batch reactor with separate collection of condensable and
noncondensable volatiles. The reaction-rate coefficient for
chain-end scission was determined from the molar produc-
tion of the noncondensable products. The volatilization ef-
fects were taken into account by an overall mass-transfer co-
efficient presumed to decrease linearly with MW, and an in-
terphase driving force given by the concentration distribution
difference and a phase-equilibrium coefficient in polynomial
form. The experimental and modeling study was an attempt
to examine a multiphase pyrolysis process using fundamental
distribution kinetics based on actual chemical reactions,
rather than empirical representations. An advantage over py-
rolysis data from TGA experiments was that the MWD of the
remaining polymer could be analyzed. As mentioned earlier,
however, TGA systems are well-developed and provide pre-
cise and detailed data that can in principle be used to test
chemical kinetics models of complex macromolecules. Re-

Ž .cently, McCoy 2001 showed how distribution kinetics can be
applied to TGA experiments to elucidate the rates of the
mechanistic steps during polymer degradation. Pyrolysis is re-
quired before combustion of most liquid and solid fuels can
occur, and thus is of fundamental importance, not only as a
method of chemical analysis.

Ž .Gloor et al. 1994 studied distribution kinetics for random
scission and simultaneous random cross-linking of polyolefins
during reactive extrusion. Numerical methods were favored
over the moment method due to a closure problem beyond
the gel point. The model was able to predict polyethylene gel
fraction and average MW as related to oxidant concentra-
tion.

The expressions for reversible processes reduce to the ex-
pressions for irreversible degradation reactions when the ad-

Ž .dition or repolymerization -rate coefficients are relatively
small. The irreversible decomposition expressions are thereby
recovered from the more general available analysis. When the
scission reactions are negligible compared to the addition re-
actions, the well-known polymerization expressions appear.

Complex macrmolecular systems
The preceding theoretical development and experimental

discussion has been based on single-variable distributions.
Much work remains to be done to extend the principles to
more complex systems, including multivariate distributions
and interacting mixtures. Kodera and coworkers recently ap-
plied the distribution kinetics methods described here to as-

Ž .phaltene hydrocracking Kodera et al., 2000 . The evolution
of multiple specific scission products was effectively modeled
as the summation of Dirac delta distributions in a study of

Ž .copolymer thermolysis Wang et al., 1995 . Madras and Mc-
Ž .Coy 1999 studied binary polymer mixture degradation by

representing the mixture as a sum of continuous distribu-
tions. The degree and type of interacting between the de-
grading polymers depends on the polymer concentrations and
on the reaction-rate parameters in the free radical mecha-
nism, and therefore temperature and pressure. The effect of
PAMS on the thermal degradation of polystyrene in batch
solution was studied at low polystyrene concentrations to

Žpreserve a pseudo-first-order reaction rate Madras and Mc-
.Coy, 1999 . Polystyrene degrades mainly by random scission,

but PAMS degrades by a chain-end process. The polystyrene
degradation rate decreased with increasing PAMS concentra-
tion, as shown in Figure 3, similar to the effect of a hydrogen
donor, suggesting the interaction involves hydrogen abstrac-
tion. Thermolysis of polymer mixtures has interesting poten-
tial applications for plastics recycling and for heat-resistant
blends. Analyzing the temperature stability of such polymer
mixtures requires an understanding of radical mechanisms for
MWDs.

Figure 3. Effect of PAMS on thermal degradation of
( )polystyrene Madras and McCoy, 1999 .

Moles polystyrene normalized with initial moles polystyrene.
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Coal liquefaction has been simulated by random and
chain-end scission reactions in coal networks to form distri-

Žbutions of soluble macromolecules Wang et al., 1993,
.1994a,b . The governing integrodifferential equations include

reaction and mass transfer terms. Reaction rate coefficients
and gamma distribution parameters for the semicontinuous
product distribution were determined from experimental and

Ž .literature data Wang et al., 1993, 1994a,b . The addition of a
Ž .hydrogen-donor solvent tetralin to the system increased the

thermolysis rate due to enhanced hydrogenation of the coal
Ž .structure Wang et al., 1994b .

Modeling of reactions of branched macromolecules is a
challenge for chemical-reaction engineering. Metallocene-
catalyzed polymerization of branched polymers has been ad-

Ž .dressed Chu et al., 2000; Wang et al., 1998, 1999 . Forma-
tion of hyperbranched and fractal dendrimers has also been

Ž .considered McCoy, 1999b . However, degradation of
branched polymers, important for synthetic and natural
macromolecular systems, remains a difficult objective. Cat-
alytic degradation of branched as well as unbranched poly-
mers will require concerted experimental and theoretical ef-
forts.

Future work
Many systems of scientific and engineering interest are

composed of entities that are distributed with respect to a
property, and therefore can be described by a distribution
whose time and space dependence is governed by a PBE.
Methods similar to those used in distribution kinetics of
chemical reactions and described in this review can be ap-
plied in such cases. Continuous distribution kinetics has been
applied to only a small fraction of appropriate reaction sys-
tems. We have discussed its application to thermolysis reac-
tions, primarily involving synthetic polymers in organic solu-
tion. The straightforward method can, in principle, be ap-
plied to other reaction systems, including natural biopoly-
mers. Particularly challenging problems include describing the
time-evolution of multivariate distribution reactions such as
branched macromolecules, applying the method to multi-
phase processes such as pyrolysis, and expanding the tech-
nique to manage complex polymer mixtures.

Summary
An approach to macromolecular reaction process analysis

based on distribution kinetics and a free radical mechanism
quantitatively describes experimental results for several dif-
ferent polymers. Applications discussed include analytical
thermolysis or pyrolysis, polymer degradation for stability
characterization or plastics recycling, and coal thermolysis to
produce fuels and feedstocks. Distribution kinetics also has
application in a broad range of other engineering applica-
tions, including particle dynamics, microbial growth pro-
cesses, and aerosol science.

The theory shows how distribution kinetics can describe
chemical-reaction models for macromolecular reactions. A
fundamental model describes the radical mechanisms based
on chain reactions with elementary steps of initiation, propa-
gation�depropagation, hydrogen abstraction, and termina-
tion. MWDs and their moments can be measured by gel per-

Ž .meation chromatography GPC to show how the distribu-

tions and their moments vary as reactions progress. Experi-
mental data are interpreted with PBEs to elucidate reaction
mechanisms and to measure rate coefficients. Rate coeffi-
cients can depend on molecular characteristics such as MW,
and activation energies for the reactions can be determined.
Experiments have demonstrated the usefulness of these con-
cepts for thermolytic degradation of coal and polymers with
different solvents, including hydrogen-donor and nondonor
solvents. Expected steady-state, long-time, or equilibrium
conditions are revealed.

Continuous distribution kinetics provides a straightforward
approach to reactions in macromolecular systems. The con-
cepts apply in general to a range of binary scission and addi-
tion processes. Molecules can randomly combine and simul-
taneously break to smaller sizes that may be distributed ran-
domly or nonrandomly. The type of reaction is governed by a
stoichiometric coefficient that spans the range of molecular
sizes. The distribution approaches similarity solutions for
special cases of stoichiometry.
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Appendix
Re©ersible rate expression de©elopment

A molecule can play four different roles in a reversible
random scission reaction: scission parent, scission daughter,
addition parent, and addition daughter. The rate expression

will therefore be made up of four terms, and developing each
is facilitated by writing the partial reaction equation for each
role.

The reaction showing loss of an x by scission is

k d � �6P x P x qP xy x . A1Ž . Ž . Ž . Ž .

The reaction rate is first order,

� pr� tsyk p x . A2Ž . Ž .d

The reaction showing the gain of an x by scission is

k d� �6P x P x qP x y x , A3Ž . Ž . Ž . Ž .

and the reaction rate is again first order. This reaction re-
quires the production of a specified scission product from any
of a range of macromolecules, so a reaction kernel is used:

�
� � �� pr� ts2k p x � x , x dx . A4Ž . Ž . Ž .Hd

x

The integration is over any molecule larger than the specified
product weight, x, because the scission parent must be larger
than its progeny. The factor ‘‘2’’ is introduced because the
Ž .P x molecule could occupy two equivalent places in the re-

action equation.
The loss of an x by addition is

k a� �6P x qP x y x P x . A5Ž . Ž . Ž . Ž .

Ž .The reaction-rate expression is second order. P x reacts with
any other macromolecule,

�
� �� pr� tsy2k p x p x dx . A6Ž . Ž . Ž .Ha

0

The gain of an x by addition is given by

k a� � 6P xy x qP x P x . A7Ž . Ž . Ž . Ž .

The rate is again second order, but the parent molecules both
range in mass from the smallest up to x,

x
� � �� pr� tsk p x p xy x dx . A8Ž . Ž . Ž .Ha

0

The overall rate expression for reversible random scission
Ž .is given by the sum of the four terms given earlier Eq. 14 .

Rate expressions describing different mechanisms are de-
rived in an analogous manner.

Stochiometric coefficient
Ž �.The stoichiometric coefficient or reaction kernel, � x, x ,

represents the probability that the scission of a molecule with
� Ž � .MW x will yield a molecule with MW x x G x . The kernel
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shows how the products of a scission reaction are distributed,
Ž �. Ž � �.and is defined to be symmetric, � x, x s� x y x, x , and

x� Ž �. Ž .normalized H � x, x dx s1 Aris and Gavalas, 1966 .0
Chain-end scission requires that the product molecule be of a
specified MW, so that the probability of obtaining a product
molecule of any other weight is zero. The Dirac delta opera-

Ž . Ž .tor, defined such that � y ™� for ys0, and � y s0 for
y�0, provides the necessary properties. For chain-end scis-
sion, where x is the specified product MW, the kernel iss
Ž . Ž Ž � ..� xy x for the end product and � xy x y x for thes s

Ž .resulting macromolecule McCoy and Wang, 1994 . The pro-
jection property of the Dirac delta operator is important,

b � � �p x � x y x dx s p x ,Ž . Ž . Ž .H
a

where aF xFb. The required properties of symmetry and
normalization are satisfied by the Dirac delta operator
Ž .Haberman, 1998 .

Midpoint scission requires that the two product molecules
be of the same weight, exactly one-half of the parent MW.
Again the Dirac delta operator is convenient and the kernel

Ž �. Ž � . Ž .is � x, x s� xy xr2 Himmelblau and Bischoff, 1968 .
Midpoint scission is a special case of proportioned fragmen-

Ž �. Ž �.tation, � x, x s� xybx , in which b describes the propor-
tionality between the sizes of the product and parent

Ž .molecules, and for midpoint scission bs1r2 McCoy, 1993 .
Random-chain scission requires equal probability for the

Ž �.production of any mass daughter molecule, thus � x, x sc,
where c is a constant. Evaluating the normalization integral

� Žgives cs1rx for random-chain scission Aris and Gavalas,
.1966 .

A number of general forms for the reaction kernel have
Žbeen developed Ziff and McGrady, 1985, 1986; McGrady and

Ziff, 1988; McCoy and Wang, 1994; Browarzik and Koch,
. Ž .1996; Browarzik, 1997 . McCoy and Wang 1994 proposed

m� �m� x , x sBx x y x , 0Fm��, A10aŽ . Ž . Ž .

where the normalization property requires that

2 2mq1�Bs
 2mq2 r 
 mq1 x . A10bŽ . Ž . Ž . Ž .� 4

Ž . Ž . Ž .The generalized gamma function, 
 	 s 	y1 
 	y1 for
Ž .	 �1 Greenberg, 1978 , allows for the possibility that m is

Ž .not an integer McCoy and Wang, 1994 . For positive inte-
Ž . Ž . Ž .gers 	 , 
 	 s 	y1 ! Greenberg, 1978 . The limiting val-

Ž Ž �.ues of m yield the random scission kernel ms0, � x, x s
�. Ž Ž �. Ž1rx and the midpoint scission kernel m™�, � x, x s� x
� ..y xr2 . A parabolic kernel used to model the thermal de-

Ž .composition of coal Prasad et al., 1986 and degradation of
Ž .polymer Ziff and McGrady, 1986 results when ms1. For

large m the kernel has a Gaussian form that becomes nar-
rower and taller as m increases, leading to the limiting Dirac
form as m™�. As m varies between its limits, the general
scission kernel expression represents a continuum of fission

Ž .processes McCoy and Madras, 1997 , as shown in Figure A1
Ž .McCoy and Wang, 1994 . Although inclusion of the stoicho-
metric kernel is essential to the model, the value of m has no

Figure A1. General stoichiometric coefficient as a func-
( )tion of MW x as given by Eq. 50.

� � � ms 0; � � ms 1; � � � � � ms 10; � � � ms 50;
Ž .� ms100,000 m™� .

effect on the time evolution of the zeroth and first moments
of the distribution for reversible scission reactions, and only a
small effect on the rate of change of the second moment
Ž .Madras and McCoy, 1998b .

Moment-rate expression
The moment-rate expression for reversible random scission

Ž .can be developed from the reaction-rate expression Eq. 14
Ž .by applying the moment operation Eq. 20 to each term in

the rate equation. The moment operation is linear, so term-
by-term evaluation is appropriate. The necessary mathemati-
cal manipulations include changing the order of integration,
changing variables, and introducing the binomial theorem
Ž .Himmelblau and Bischoff, 1968 . In the first term, the
derivative moves through the integral smoothly,

�
n Žn.� pr� t x dxs� p r� t . A11Ž . Ž .Ž .H

0

The reaction-rate coefficients, k and k , are taken to bea d
constants for this example, and therefore come out of the

Ž .integrals. The first term on the righthand side RHS of the
rate expression becomes, in moment form,

�
n Žn.yk p x x dxsyk p . A12Ž . Ž .Hd d

0

Simplification of the second term on the RHS for the ran-
Ž Ž �. �.dom scission reaction kernel � x, x s1rx requires chang-

ing the order of integration, evaluating the second integral,
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simplifying, and evaluating the first integral, respectively:

� �
� � � n2k p x 1rx dx x dxŽ .Ž .H Hd

0 x

�
� x

� � �ns2k 1rx p x x dx dxŽ . Ž .H Hd
0 0

� nq1� � � �s 2k r nq1 1rx p x x dxw xŽ . Ž . Ž .Ž .Hd
0

s 2k r nq1 pŽn. . A13w xŽ . Ž .d

The third term in the moment-rate expression is obtained
easily, as pŽ0. is a constant,

� � �
� �n n Ž0.y2k x p x p x dx dxsy2k x p x p dxŽ . Ž . Ž .H H Ha a

0 0 0

sy2k pŽ0.pŽn. . A14Ž .a

Applying the moment operation to the final term requires
changing the order of integration, followed by a change of

Ž �.variables ys xy x , evaluating the second integral via the

binomial theorem, and finally evaluating the first integral,

� x
� � �nk x p x p xy x dx dxŽ . Ž .H Ha ½ 5

0 0

� �
� � �nsk p x x p xy x dx dxŽ . Ž .H Ha ½ 5�0 x

� � n� � �sk p x yq x p y dy dxŽ . Ž . Ž .H Ha ½ 5
0 0

� �n j� � �n ny jsk Ý p x x y p y dy dxŽ .Ž . Ž .H HŽ .a js0 j
0 0

�n j� � �n Žny j.sk Ý p x x p dxŽ .Ž .HŽ .a js0 j
0

nn Žny j. Ž j.sk Ý p p . A15Ž .Ž .a js0 j

The reaction-rate expression becomes the moment-rate ex-
Ž .pression for reversible random scission Eq. 21 by collecting

the preceding terms.
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